Abstract. We present a conjecture (and a proof for G = SL(2)) generalizing a result of J. Arthur which expresses a character value of a cuspidal representation of a p-adic group as a weighted orbital integral of its matrix coefficient. It also generalizes a conjecture by the second author proved by Schneider-Stuhler and (independently) the first author. The latter statement expresses an elliptic character value as an orbital integral of a pseudo-matrix coefficient defined via the Chern character map taking value in zeroth Hochschild homology of the Hecke algebra. The present conjecture generalizes the construction of pseudomatrix coefficient using compactly supported Hochschild homology, as well as a modification of the category of smooth representations, the so called compactified category of smooth G-modules. This newly defined "compactified pseudo-matrix coefficient" lies in a certain space K on which the weighted orbital integral is a conjugation invariant linear functional, our conjecture states that evaluating a weighted orbital integral on the compactified pseudo-matrix coefficient one recovers the corresponding character value of the representation.
Introduction
Let G be a reductive group over a local nonArchimedean field F . The goal of the article is to present an algebraic expression for a character of an admissible representation of G on a compact element.
The statement is presented as a conjecture (see Conjecture 4.3) for a general reductive group, it is proved in the paper for G = SL (2) . We also describe a modification of the category Sm = Sm(G) of finitely generated smooth representations, the so called compactified category of smooth G-modules, which plays a key role in our algebraic description of character values and may have an independent interest.
To describe the context for these constructions recall a conjecture of [14] proved in [19] and [7] . Let H = ∪ K H K be the Hecke algebra of locally constant compactly supported C-valued measures. Thus Sm(G) is identified with the category of finitely generated nondegenerate H modules [10] .
Let C(H) = H/[H, H] = H G = HH 0 (H) = HH 0 (Sm) be the cocenter of H. Here H G denotes coinvariants with respect to the conjugation action, while HH * stands for Hochschild homology, and its second appearance refers to the notion of Hochschild homology of an abelian category.
Since H is Noetherian and has finite homological dimension, there is a well defined Chern character (also called the Hattori-Stallings or Dennis trace) map ch : K 0 (Sm) → C(H) (we will abbreviate ch([M ]) to ch(M )). It has been conjectured in [14] and proven in [19] , [7] that for an elliptic regular semisimple element g ∈ G and an admissible representation ρ we have (1) χ ρ (g) = O g (ch(ρ)),
where O g denotes the orbital integral. Here we use that O g : H → C being conjugation invariant factors through C(H).
If ρ is a cuspidal irreducible representation then (assuming that G has a compact center) a matrix coefficient m ρ ∈ H is a representative of the class ch(ρ) ∈ C(H). Thus in this case (1) reduces to an earlier result of Arthur [2] . However, the latter applies also to nonelliptic regular semisimple elements: for such an element g and a cuspidal irreducible representation ρ Arthur has proved that (2) χ ρ (g) = W O g (m ρ ),
where W O g denotes the weighted orbital integral. Our Conjecture 4.3 provides a generalization of (1) to all regular semisimple compact elements g, which for a cuspidal representation ρ reduces to (2) . The first step in this direction is a generalization of the map ch : K 0 (Sm) → C(H). For our present purposes we need to modify both the source and the target of this map. We replace the target C(H) = H G by K G where K ⊂ H is a subspace invariant under the conjugation action of G, the so called space of "weightless" functions.
1 Definition and some properties of K are discussed in section 2. The key property is that W O g | K is a G-invariant functional for any regular semisimple element g ∈ G; furthermore, there is a well defined averaging map Av from K to the space of invariant generalized functions on G and for φ ∈ K the value of W O g (φ) coincides with Av(φ)(g) (the latter is well defined since Av(φ) is in fact a locally constant function on the set of regular elements in G). We also provide a conjecture with a proof for P GL(2, F ), char(F ) = 0 describing the image of the averaging map from K to the space of invariant distributions. 1 This adjective reflects the fact that weighted orbital integrals restricted to this space are independent of the choices involved in choosing the weight function on an orbit. This space has appeared in the literature (see [6] , [24] and references therein) where it was called the space of strongly cuspidal function. We refrain from using this terminology since we use the term "cuspidal function" in the sense of [14] where it refers to a function acting by zero in any parabolically induced representation, thus in our terminology K contains the space of cuspidal functions. The term "cuspidal function" was used in a different sense in [6] , [24] etc., so that K is contained in the set of cuspidal functions in the sense of loc. cit.
To describe the source of the map generalizing ch we need some new ingredients. One of them is the so called compactified category of smooth (finitely generated) representations Sm.
The abelian category Sm is defined in section 3. Recall that according to Bernstein [9] , Sm can be identified with the category of coherent sheaves of modules over a certain sheaf of algebras over a scheme which is an infinite union of affine algebraic varieties, the spectrum Z of the Bernstein center of G. The category Sm can be described as the category of coherent sheaves of modules over a certain coherent sheaf of algebras over a (componentwise) compactification of Z. An admissible module ρ can also be viewed as an object in Sm, so we can apply the Chern character to the class of ρ obtainingch(ρ) ∈ HH 0 (Sm).
We also need another invariant of the category Sm, namely the compactly supported Hochschild homology HH c * (Sm) which is the derived global sections with compact support in the sense of [12] of localized Hochschild homology RHom H⊗H op (H, H).
We have natural maps HH c * (Sm) → HH * (Sm) → HH * (Sm); for an admissible module ρ we have its compactly supported Chern character ch c (ρ) ∈ HH c 0 (Sm), so thatch(ρ) and ch(ρ) equal the images of ch c (ρ) under the corresponding maps. The first statement in the main conjecture (a theorem for SL(2)) provides a natural isomorphism
where K c ⊂ K is the subspace of measures supported on compact elements. By the previous paragraph,ch(ρ) belongs to that image, thus we obtain a homological construction of an element in K c G from an admissible representation, the so called "compactified pseudo-matrix coefficient" of the representation.
The second main statement (proved for SL (2)) asserts that for a compact regular element g and an admissible representation ρ we have W O g (ch(ρ)) = χ ρ (g). Notice that for a noncompact regular element g the value of χ ρ (g) coincides with a character value of the Jacquet functor applied to ρ [11] , in particular it vanishes for a cuspidal module.
We view Conjecture 4.3 as an algebraic statement underlying some aspects of Arthur's local trace formula [1] , while equality (1) underlies the elliptic part of the local trace formula (see also Remark 3.16 below). We plan to develop this theme in a future publication.
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Weightless functions and invariant distributions
Let H = H(G) be the Hecke algebra of compactly supported locally constant measures on G, the convolution product on H(G) will be denoted by * . For an open subsemigroup S ⊂ G we let H(S) ⊂ H(G) denote the subalgebra of measures supported on S. We denote by D the space of generalized functions on G (that is the space of linear functionals on H(G)) and by D Then averaging with respect to conjugations yields a well defined map
In this section we define a larger subspace K in H on which the averaging map is still well defined and conjecture that the map τ defines an embedding H 0 (G, K) ֒→ D G . Moreover, we propose a conjectural description of the image of τ . We prove this conjecture in the case when G = P GL(2).
2.1. The conjecture. We start with some notation. Let O ⊂ F be the ring of integers and π be a generator of the maximal ideal m of O. Let val : F ⋆ → Z be the valuation such that val(π) = 1. We define x = q −val(x) , x ∈ F ⋆ where q = |O/m|. For any smooth F -variety X we denote by S(X) the space of locally constant measures on X with compact support. In the case when X is a homogeneous Gvariety with a G-invariant measure dx the map f → f /dx identifies S(X) with the space of compactly supported locally constant functions on X. In this case we will not distinguish between functions and measures on X. Also, we will work with spaces Y P = (G/U P × G/U P )/L for a parabolic subgroup P = LU P ⊂ G. In this case S(Y P ) will denote the space of integral kernels of operators S(G/U P ) → S(G/U P ), i.e. locally constant compactly supported sections of the G-equivariant locally constant sheaf pr * 1 (µ), where pr 1 : Y P → G/P is the first projection. In particular, we fix a Haar measure dg on G and identify the space S(G) = H(G) with the space of compactly supported locally constant functions on G. Then ∆ is identified with the space of distributions, we also get the L 2 pairing , on H(G). Let g be the Lie algebra of G. We will assume that g has a finite number of nilpotent conjugacy classes and that there exists a G-equivariant F -analytic bijection φ between a neighbourhood of 0 in g and a neighbourhood of e in G. We also assume that for a semisimple element s ∈ G the Lie algebra z of its centralizer Z G (s) admits a Z G (s)-invariant complement. These assumptions are well known to hold if char(F ) = 0 or if char(F ) > N for some N depending on the rank of G, see [15, §1.8 ] for more precise information.
Definition 2.1.
• We denote by G G,e the space of germs of Ad-invariant distributions near 0 on g which are restrictions of linear combinations of the Fourier transforms of invariant measures on a nilpotent orbits. Using the bijection φ we consider G G,e as a space of germs of Ad-invariant distributions on G near the identity.
• For a semisimple element s ∈ G we denote by G ZG(s),s the space of germs of distributions on Z G (s) at s obtained from the space G ZG(s),e by the shift by s.
• Let s ∈ G be a semisimple element, X s = G/Z G (s), r : G → X s be the natural projection and γ : X s → G be a continuous section. We denote by dz a G-invariant measure on X s .
• We denote byκ :
Let z ⊂ g be the Lie algebra of Z G (s). By assumption there exists a complementary z-invariant subspace W ⊂ g and the map κ 0 : z ⊕ W → g, (z, w) → z + Ad(s)w is a bijection. Therefore there exists an open neighborhood R ⊂ Z G (s) of e such that the restriction κ ofκ on R × X s is an open embedding.
• For a function f ∈ S(G) and z ∈ R ⊂ X s we define f z ∈ S(Z G (s)) by f z := f (κ(z, x)).
• We define a functionf on R byf (z) :=ψ(f z ).
• We define a distribution ψ(ψ) on G by ψ(f ) := Xsf (z).
• We denote by [ψ(ψ)] the germ of the distribution ψ at s.
It is clear that for any two choicesψ,ψ ′ of representatives ofψ the difference ψ(ψ) − ψ(ψ ′ ) vanishes on a G-invariant open neighborhood of s. Therefore the germ [ψ] does not depend on a choice of a representative ofψ. Definition 2.3.
• We denote by G s the space of germs at s of Ad-invariant distributions of the form [ψ], ψ ∈ G ZG(s),s .
• We denote by E ⊂ D G the subspace of distributions α such that a) there exists a compact subset C in G such that supp(α) ⊂ G(C) and b) for any semisimple s ∈ G the germ of α at s belongs to G s . Definition 2.5.
• We define the space K(G) of weightless functions as the subspace in S(G) of functions f such that u∈UQ f (lu)du = 0, l ∈ L for all proper parabolic subgoups Q = LU Q ⊂ G.
• For a closed conjugation invariant subset X of G we define the space K(X) = K X ⊂ S(X) as the subspace of functions f such that u∈UQ f (lu)du = 0, for all proper parabolic subgroups Q = LU Q ⊂ G and l ∈ L such that lU Q ⊂ X.
Remark 2.6. For f ∈ H and a parabolic P = LU P ⊂ G let A P (f ) ∈ S(Y P ) denote its orishperic transform, i.e. the integral kernel of the action of f on S(G/U P ). Let ∆ YP ⊂ Y P be the preimage of diagonal under the projection
where L acts on the first factor by right translations and on the second one by conjugation. It is easy to see that for f ∈ H we have f ∈ K iff for any parabolic subgroup P G we have
The following result is due to J.-L. Waldspurger (see [24, Lemma 9] ). Proposition 2.7. For f ∈ H(G) the following are equivalent:
For any f ∈ S(G) we define distributionf by:
For future reference we mention the following.
Lemma 2.8. For f ∈ K the distributionf | G rs (where G rs is the open set of regular semisimple elements) is a locally constant function. For g ∈ G rs we havê
where W O g denotes the weighted orbital integral.
Proof follows from the definition and basic properties of the weighted orbital integral, see e.g. [3, §I.11] .
The group G acts on K by conjugation. It is clear that the map f →f factors through a map τ :
Conjecture 2.9. a)f ∈ E for f ∈ K.
b) The map τ defines an isomorphism between H 0 (G, K) and E. c) dim(H 0 (G, K(Ω))) = 1 for any regular semisimple conjugacy class Ω ⊂ G. Remark 2.11. It is clear that part c) follows from a) and b).
Remark 2.12. If the centralizer of an element g ∈ Ω is an anisotropic (compact) torus then statement (c) clearly follows from uniqueness (up to scaling) of a Haar measure on G. In the case when that centralizer has split rank one the statement is checked in the next subsection.
Almost elliptic orbits.
To simplify the wording we assume in this subsection that the center of G is compact. A regular semisimple element g ∈ G will be called almost elliptic if the split rank of its centralizer is at most one. We now prove Conjecture 2.9(c) in the case when Ω consists of almost elliptic elements. Fix g ∈ Ω and let T be the centralizer of G, thus Ω ∼ = G/T . In view of Remark 2.12 it suffices to consider the case when the split rank of T equals one; we also assume without loss of generality that G is almost simple.
There are exactly two parabolic subgroups P, P ′ G containing T . Let U , U ′ be their unipotent radicals. Consider the complex
here S stands for the space of locally constant compactly supported measures as before, the third arrow send φ to (pr * (φ), pr ′ * (φ)), where pr : G/T → G/T U , pr ′ : G/T → G/T U ′ are the projections and the fourth arrow sends (φ,
Lemma 2.13. The complex (3) is exact.
Proof. Exactness at all the terms except for
→ C is a linear functional vanishing on the image of S(G/T ). Letψ : S(G) → C be the composition of the direct image map S(G) → S(G/T U ) with ψ. Then ψ is a right T U invariant generalized function on G. On the other hand, −ψ is equal to the composition of the direct image map S(G) → S(G/T U ′ ) with ψ ′ , which shows thatψ is also right T U ′ invariant. Since G is assumed to be almost simple, U and U ′ together generate G, thus we see thatψ is right G invariant. It follows thatψ is proportional to the functional φ → φ, hence the functional (ψ, ψ ′ ) factors through the differential in (3), which yields exactness of (3).
We can now finish the proof of Conjecture 2.9(c) in the present case. Breaking (3) into short exact sequences we get
Considering the corresponding long exact sequences on homology we see that it suffices to check that the map
To check the latter recall that H i (G, C) = 0 for i > 0 since the resolution of C provided by the simplicial complex for computation of homology of the Bruhat-Tits building B shows that H i (G, C) ∼ = H i (B/G), while B/G is a product of simplices. Thus
Since S(G/T U ) ∼ = H 1 (T, C) we see that
which is one-dimensional.
2.3. The case of P GL (2) . To simplify the argument we assume in this subsection that char(F ) = 0.
Theorem 2.14. Conjecture 2.9 is true for G = P GL(2).
The rest of the subsection is devoted to the proof of the Theorem.
Proof. We need more notation.
Definition 2.17.
• For ǫ ≥ 0 we define
• We let G s , G e , N ,N denote, respectively, the sets of regular semisimple split, regular semisimple elliptic, regular unipotent and all unipotent elements.
• We set
where B runs over the set of Borel subgroups in G.
• For f ∈ K we denote by κ(f ) ∈ K u the restriction of f toN and by
We start with the following geometric statement.
Proof. Recall notations of Remark 2.6. We have ∆ YB = G/B × T , where T is the (abstract) Cartan subgroup of G. It is easy to see that condition f |N ∈ K u is equivalent to vanishing of the restriction of Proof. Since [f |N ] = 0 we can write the restriction of f toN as a finite sum
As follows from the Lemma 2.18 we can choose
Let B be the variety of Borel subgroups, p : N → B the map which associates to u ∈ N the Borel subgroup containing u. By definition we have an exact sequence 0 → K 0 → S(N ) → S(B) → 0 and therefore an exact sequence
Since G acts transitively on N and on B we have
To conclude the argument, recall the short exact sequence 0
Since H 1 (G, C) = 0 we have an exact sequence:
Let r : K cusp → K u be the restriction and [r] :
→f . LetD G be the space of germs of invariant distributions at e andτ : H 0 (G, K) →D G be the composition of τ with the restriction map.
Corollary 2.19 implies that the mapτ vanishes on the kernel of the map
Thus it suffices to show thatτ | Kcusp has rank at least two, i.e. that there exist irreducible cuspidal representations ρ 1 , ρ 2 , such that their characters restricted to any G-invariant open neighborhood of identity are not proportional. This is easily done by inspecting the character tables, see e.g. [20, §2.6] .
Let s ∈ G be a regular split semisimple element and Ω ⊂ G be the conjugacy class of s.
Proof. Let T = Z G (t) be the split torus and B, B ′ ⊂ G be Borel subgroups containing T . Since Ω = G/T we have maps r : Ω → G/B and r ′ : Ω → G/B ′ and therefore morphisms r ⋆ : S(Ω) → S(G/B) and r ′ ⋆ : S(Ω) → S(G/B ′ ). As a special case of Lemma 2.13 we get:
where the last map l is given by (ν,
Using that G has homological dimension one, we get that the corresponding long exact sequence of homology contains the following fragment:
It is easy to see that
On the other hand we have an exact sequence
and therefore an exact sequence
Since
Lemma 2.26. The map a :
Proof. It is sufficient to show that the map
and H >0 (U, C) = 0, we see that this map is an isomorphism.
We can now finish the proof of Proposition 2.24. Since G acts transitively on
Recall that G s ⊂ G is the subset of regular split semisimple elements, let K s ⊂ K be the subspace of functions in K supported on G s . We fix a Cartan subgroup T , the Weyl group W = Z/2Z acts on T and on G/T in the usual way. Then the map
Corollary 2.27. a) For f ∈ K s the distributionf is locally constant on G s . b) The map f → (t →f (t)) induces an isomorphism
Proof. The isomorphism (5) is clearly compatible with the averaging map f →f , which implies a). Likewise, restriction to an orbit is compatible with averaging, thus in view of (5) it suffices to show that for a fixed orbit Ω ⊂ G s the map f →f (t), t ∈ Ω induces an isomorphism H 0 (G, K(Ω)) → C. By Proposition 2.24 it suffices to see that this map is nonzero. This follows, for example, from the fact that the character of a cuspidal representation does not necessarily vanish on G s , while the character of an irreducible cuspidal representation is obtained by averaging from its matrix coefficient. Now we can finish the proof of Proposition 2.16. Let f ∈ K be such thatf = 0. It follows from Corollary 2.19 and Lemma 2.18 that we can can find f ′ with the same image in H 0 (G, K) such that f ′ = f s + f e where f s is supported on regular split semisiple elements and f e on regular elliptic elements. The conditionf = 0 implies thatf ′ = 0, hencef s = 0 andf e = 0. It is easy to see that the condition f e = 0 implies that [f e ] = 0. So we may assume that the support of f is contained in the subset G s ⊂ G of regular split semisimple elements. Now Proposition 2.16 follows from Corollary 2.27.
LetD e be the space of germs of distributions at e and D e ⊂D e be the subspaces spanned by germs of characters of irreducible representations.
Lemma 2.28. The space D e is 2-dimensional. It is spanned by germs of characters of irreducible cuspidal representations.
Proof. The second statement is a special case of a theorem of Harish-Chandra [13] . The first one also follows from loc. cit., as it shown there that more generally the space D e has a basis indexed by unipotent orbits.
Recall that E ⊂ D is the subspace of distributions α satisfying the following three conditions:
a) There exists a compact subset
The restriction of α on G − {e} is given by a locally constant function. c) The germ of α at e belongs to D e .
Proof. Fix f ∈ K. It is clear that the distributionf satisfies condition a).
To prove thatf satisfies condition b) we have to show that for any semisimple element s ∈ G − {e} there exists an open neighborhood R ⊂ G of s such that the restrictionf | R is a constant. If s is split then this follows from Corollary 2.27(a), if s is elliptic the proof is similar.
To prove thatf satisfies condition c) we observe that Corollary 2.23 implies
It is easy to see that when f is a matrix coefficient of an irreducible cuspidal representation ρ thenf is proportional to the character of ρ. Thus condition c) is satisfied by α cusp =f cusp . However, by Lemma 2.18 and Corollary 2.19 the germs of α and α cusp at e coincide.
Proof. It remains to show that every α ∈ E is in the image of τ . Lemma 2.28 shows that there exists β ∈ E which is a linear combination of characters of cuspidal representations such α − β vanishes on an open neighborhood of e. Thus we have α − β = α s + α e , where α s is supported on G s , while α e is supported on G e . Now α s is in the image of τ by Corollary 2.27, while α e is in the image of τ by a similar argument. Also, β is in the image of τ since the character of an irreducible cuspidal representation ρ equalsf where f is a matrix coefficient of ρ.
Proposition 2.30 and therefore Theorem 2.14 are proven.
3. The compactified category of smooth modules 3.1. Definition of the compactified category. For a parabolic P = LU let L 0 ⊂ L be the subgroup generated by compact subgroups; thus L 0 is the kernel of the unramified characters of L. SetΛ P = L/L 0 . Let Λ P be the group of F -rational characters of L and Λ + P be the subset of Pdominant weights, i.e. weights which are (non-strictly) dominant with respect to any (not necessarily F -rational) Borel subgroup B ⊂ P . We have a nondegenerate pairing between the latticesΛ P and Λ P given by:
LetΛ + P be the subsemigroup defined by:
For an open submonoid M ⊂ G we let Sm(M ) denote the category of nondegenerate finitely generated H(M )-modules; this is easily seen to be equivalent to the category of finitely generated smooth M -modules.
For parabolic subgroups P ⊃ Q we have the "Jacquet" functor
To simplify the wording in the following definition we fix a minimal parabolic P 0 , then by a standard parabolic we mean a subgroup P containing P 0 .
Definition 3.1. The compactified category of smooth G-modules Sm
is the category whose object is a collection (M P ) indexed by standard parabolic subgroups P = L P U P , where M P is a smooth module over L + P , together with isomorphisms
here H denotes the algebra of locally constant compactly supported distributions. The isomorphisms are required to satisfy the associativity identity for each triple of parabolics P 1 ⊃ P 2 ⊃ P 3 .
An object in the compactified category is called coherent if the module M P is finitely generated for all P .
We let Sm = Sm(G) ⊂ Sm qc denote the full subcategory of coherent objects.
It is easy to see that Sm(G) is an abelian category, the functor sending (M P ) ∈ Sm to M G identifies Sm(G) with a Serre quotient of Sm.
We also have an adjoint functor Sm(G) → Sm qc . This functor sends admissible modules but not general finitely generated modules to Sm.
Example 3.2. Let G = SL (2) . In this case the category Sm admits the following more direct description. A component of the spectrum Z of Bernstein center is in this case either a point or an affine curve, thus Z admits a canonical (componentwise) compactification Z.
Notice that we have a natural map π :
The full Hecke algebra H defines a quasicoherent sheaf of algebras on Z, we now describe its extension to a quasicoherent sheaf of algebras H on Z. The latter depends on the choice of a maximal open compact subgroup K 0 = SL(2, O). Fixing this choice we setH 
invariants is a coherent sheaf of algebras. We leave it to the reader to show that although H depends on an auxiliary choice, different choices lead to algebras which are canonically Morita equivalent. Thus we can consider the category of sheaves of nondegenerate H-modules which can be checked to be canonically equivalent to Sm. If the subgroup K ⊂ K 0 is nice in the sense of [9] then for every component X of Z either the coherent sheaf of algebras H K | X is zero or the corresponding summand in Sm (respectively, Sm qc )
is canonically equivalent to the category of coherent (respectively, quasicoherent) sheaves of H K | X -modules.
3.2.
Compactified center and a spectral description of the compactifed category. Let Z = Z(G) be the Bernstein center of G and Z = Spec(Z) be its spectrum. By the main result of [9] (the set of closed points of) Z is in bijection with the set Cusp(G) of cuspidal data, i.e. the set of G-conjugacy classes of pairs (L, ρ), where L ⊂ G is a Levi subgroup and ρ is a cuspidal irreducible representation of L.
3.2.1. Compactified center. Let Z denote its compactification described as follows.
We have a canonical isomorphism Z =Z/W where W is the Weyl group, andZ parametrizes pairs (L, ρ) where L is a Levi subgroup containing a fixed maximally split Cartan T and ρ is a cuspidal representation of L. The complex torus L T = X (L) acts nn the unionZ L of components corresponding to a given Levi subgroup L ⊃ T ; here X (L) stands for the group of unramified characters of L acting on the set of representations by twisting. Notice that L T is a torus with
The action is transitive on each component and the stabilizer of each point is finite. The space X * ( L T ) R = X * (Z(L)) R (where X * stands for the lattice of F -rational cocharacters) contains hyperplanes corresponding to the roots of Z(L) in g; the fan formed by these hyperplanes defines an equivariant compactification L T of L T . We set
where the right hand side makes sense because the action of W onZ extends to the compactification, here we use the notation
where X (L) is the group of unramified characters of L.
Proposition 3.3. a) Z admits a canonical stratification indexed by conjugacy classes of parabolic subgroups, where the stratum Z P corresponding to the class of a parabolic P is identified with Z 0 (L). b) The embedding Z 0 (L) → Z canonically extends to a map Z + (L) → Z which is etale on a Zariski neighborhood of Z P ∼ = Z 0 (L). Given two parabolics P ⊂ Q we have a canonical map c
which is compatible with maps to Z.
Moreover, for three parabolics P 1 ⊂ P 2 ⊂ P 3 we have
It is a standard fact that L T -orbits in L T are in bijection with parabolic subgroups containing L, so that the orbit L T Q corresponding to a parabolic Q = M U Q is identified with X (L)/X (M ). The stratification of L T by L T -orbits induces a stratification on Z L , the stratum corresponding to a parabolic Q will be denoted by
Fix a conjugacy class P of parabolic subgroups and set
It is clear that ( Z P ) is a stratification of Z and each stratum is W -invariant.
Thus Z P := Z P /W are strata of a stratification of Z.
The map Q → Z L {Q} is easily seen to be W -equivariant, it follows that for a parabolic P = LU ∈ P we have
Passing to the union over M and taking quotient by the action of W L (which commutes with the action of X (L)) we get Z P ∼ = Z(L)/X (L) which yields (a) in view of (7).
To check (b) observe that for parabolic subgroups Q = M U Q ⊃ P = LU P ⊃ T the cone R It is easy to see that
follows from the fact that the stabilizer of any point x ∈ Z{Q} is contained in W M . c) follows by inspection.
In order to relate Sm to Z we will need the following general concept. Let X be an algebraic variety. By a quasicoherent enrichment of a category C over X we will mean assigning to objects M , N ∈ C an object Hom(M, N ) ∈ QCoh(X) together with an isomorphism Hom(M, N ) = Γ(Hom(M, N )) and maps Hom( M 3 ) satisfying the associativity constraint and compatible with the composition of morphisms in C. If the quasicoherent sheaf Hom(M, N ) is actually coherent for all M, N ∈ C we say that the enrichment is coherent. Before proceeding to prove the Proposition we state a general elementary Lemma.
Lemma 3.6. Let X = X i be a scheme with a fixed stratification (i.e. the closure of X i coincides with j≤i X j for some partial order ≤ on the set I of strata). Set U i = j≥i X j , this is an open subset of X. Suppose that for each i we are given a map u i : 
3.2.2.
Proof of Lemma 3.6. Let X 0 be a closed stratum. Running an inductive argument, we can assume the theorem is known for the stratified space X \ X 0 . Then we are reduced to proving the claim in the situation when the stratification consists of two strata X = X 0 X 1 . Replacing Y 0 by its open subset containing X 0 clearly does not affect the category of descent data, so we can assume without loss of generality that Y 1 → X is etale. By a standard argument the claim reduces to exactness of the complex of sheaves on X:
The complex is clearly exact over X 1 , so it is enough to show that local cohomology of this complex with support on X 1 vanishes. This reduces to showing that sheaves Hom(M P , N P ) provides gluing data described in Lemma 3.6. Also, for M, N ∈ Sm the module Hom(M P , N P ) is finitely generated, so the resulting quasicoherent sheaf is in fact coherent.
3.3.
The spectral description of Sm. Recall that for every component X ⊂ Z the choice of a sufficiently small nice (in the sense of [9] ) open compact subgroup K ⊂ G defines a coherent sheaf of algebras A = A X (K) on X with an equivalence between A X (K) modules and the corresponding summand in smooth G-modules. Let B be the (reductive) Bruhat-Tits building of G. We fix a special vertex x ∈ B and let K x ⊂ G denote the corresponding maximal compact subgroup.
We also fix a maximally split Cartan subgroup T , such that the corresponding apartment A T ⊂ B contains x. Thus A T is an affine space with underlying vector space V = X * (T ) ⊗ R. Let V + ⊂ A T be a Weyl cone with vertex at x and B the corresponding minimal parabolic subgroup.
It follows from the Iwasawa decomposition (see e.g. [22, §3.3.2]) that we have a natural bijection
where P ′ denotes the commutator group. Let G + (x, P ) be the union of cosets corresponding to elements inΛ
+ (x) be the image of G + (x, P ) in U P \G and S + (U P \G)(x) ⊂ S(U P \G) be the subspace of functions whose support is contained in (U P \G)
+ (x).
K is finitely generated and projective.
c) There exists a unique object P(x) K ∈ Sm such that P(x)
while the isomorphism (6) for P = G comes from the natural arrow
K is locally projective, i.e. the functor Hom(P(x) K , ) is exact. e) For every component X there exists an open subgroup S ⊂ K x such that for any open subgroup K ⊂ S the object P K x is local generator of the corresponding summand Sm X ⊂ Sm. The latter property means that Hom(
Proof. a) Bijection (8) intertwines the left action of L on P ′ \G/K x with the action of Λ P = L/L 0 on itself by translations, this implies part a). The space S + (U P \G)(x) K splits as a direct sum indexed by P \G/K, each summand is isomorphic to the space
KL for some open compact subgroup K L ⊂ K, this implies b). Notice that given modules M P and isomorphisms (6) for P = G as in Definition 3.1, the rest of the isomorphisms (6) satisfying the requirements of the Definition are defined uniquely (if they exist) provided that each module M P is torsion free as a module over Z + (L P ). This implies uniqueness in c). Existence follows from the fact that G + (x, P ) ⊂ G + (x, Q) for parabolic subgroups P ⊂ Q.
Statement d) follows from b).
Finally e) follows from the corresponding statement about H K established in [9] .
Set A X = A X (x, K) := Hom(P(x) K , P(x) K )| X , this is a sheaf of algebras on X.
Corollary 3.9. Given a component X ⊂ Z for any small enough open subgroup K ⊂ K x we have a canonical equivalence between the category of (quasi)coherent sheaves of A X (x, K)-modules and the summand in Sm (respectively, Sm qc ) corresponding to X.
3.4.
Compactified category and filtered modules. For a simple root α let P α be the corresponding maximal proper parabolic and Z α be the closure of the corresponding stratum in Z. It is easy to see that Z α is a divisor. For a weight λ set D λ = α α, λ [Z α ] where the sum runs over the set of simple roots, let also
A coherent sheaf F on Z is determined by the graded module ⊕ λ Γ(F (λ)), over the homogeneous coordinate ring ⊕Γ(O(λ)). If F is torsion free then the natural map F (µ) → F (λ + µ), λ ∈ Λ + is injective and λ F (λ) = j * j * (F ) where j : Z → Z is the embedding. Thus the category of torsion free coherent sheaves Coh tf (Z) admits a full embedding into the category of O(Z)-modules equipped with a filtration indexed by Λ + compatible with the natural filtration on the ring O(Z): to a sheaf F it assigns the module Γ(j * (F )) with the filtration by the subspaces Γ(F (λ)).
Applying it to the sheaf of rings A X (x, K) we get a filtration on the Hecke algebra F spec ≤λ (H K ).
Thus we obtain the following:
Proposition 3.10. We have a full embedding from the category Sm tf K of torsion free objects in Sm K to the category of modules over H K equipped with a filtration compatible with the filtration F spec on H K .
It is clear that the associated graded of the filtered module in the image of such an embedding is finitely generated; recall that a filtration with this property is called a good filtration.
We also have the left adjoint functor Loc from the category of H K modules with a good filtration to Sm K .
3.4.1.
A geometric description of the filtration. We now provide a more explicit description of the filtration F 
, whereλ P is the image of λ inΛ P and (U P \G) ≤µ = ν≤µ (U P \G) ν for the standard partial order ≤ onΛ P ; here (U P \G) ν is the image of the coset corresponding to ν under bijection (8) . ) Let X P = (G/U P × G/U P − )/L. We have K x \X P /K x ∼ =ΛP , let (X P ) µ denote the two-sided coset corresponding to µ ∈Λ P . Then the condition in the right hand side of (10) is equivalent to:
where (X P ) ≤µ = ν≤µ (X P ) ν . this is clear by considering the projection X → G/P − with fiber G/U P . Assume now that h lies in the set in the right hand side of (9) . Applying the map B I of [8, Definition 5.3] and using [8, Lemma 5.5], we see that h also satisfies (11) . This shows that the right hand side of (9) is contained in the left hand side. We proceed to check the opposite inclusion. The Rees ring ⊕ λ F spec ≤λ (H K ) is finite over its center which is a finitely generated commutative ring, hence the Rees ring is finitely generated. Thus it suffices to check that for a finite set of generators h i ∈ F spec ≤λi (H K ) we have:
Existence of such a λ 0 for a given h i follows from [8, Lemma 5.5]. Since we consider a finite set of h i , there exists λ 0 which satisfies the requirement for all h i . )
Remark 3.12. It easily follows from the construction that gr(F spec ) is a Noetherian ring.
Notice that the geometric filtration on H is also compatible with the algebra structure; however, its associated graded is neither Noetherian, nor finitely generated in general. This is closely related to the fact that the intertwining operator acting on the space of functions over (G/U )(O/π n O) is not an isomorphism for n > 1 (here (G/U ) is a scheme over O coming from the O-group scheme with generic fiber G corresponding to x ∈ B). Example 3.13. In view of Proposition 3.11 the geometric filtration F geom on H makes it into a filtered module over the filtered algebra (H, F spec ). Applying the functor Loc to that filtered module we get an object in Sm. We denote it by H ′ and call it the intertwining object in Sm.
Lemma 3.14. Assume that G = SL(2). The intertwining object H ′ is equivalently described by
where I −1 denotes the inverse intertwining operator taking values in functions of bounded support.
3
Proof. Without loss of generality we can assume that x is the standard vertex, so that K x = SL(2, O), we will write K 0 instead of K x .
We need to check that for h ∈ H K and large λ ∈ Λ we have: 
The claim follows.
Remark 3.15.
A similar statement can also be checked for an arbitrary reductive group G based on a generalization of [8, Theorem 7.6 ] to an arbitrary parabolic subgroup.
Remark 3.16. We expect the local trace formula [1] to be closely related to the computation of Chern character of H ′ taking values in the appropriate Hochschild homology group.
Hochschild homology and character values
Recall the notion of Hochschild homology of an abelian category [18] , [16] . For a coherent sheaf of algebras A over a quasi-projective algebraic variety X over a field we have HH * (X; A) ∼ = HH * (A − mod), where A − mod is the abelian category of coherent sheaves of A-modules and HH * (X; A) is defined as the derived global section of a naturally defined object RHom A⊗A op (A, A) in the derived category of sheaves on X, here the isomorphism is shown in [17] .
One can also define the compactly supported Hochschild homology HH c * (X; A) as the derived global sections with compact support in the sense of [12] of RHom A⊗A op (A, A). If X is projective then we also have Example 4.1. For future reference we spell out this general construction in some simple special cases. We leave the proofs of these standard facts to the interested reader.
(1) Assume X is affine, so that A − mod is the category of finitely generated modules over a Noetherian ring which we also denote by A. Then HH * (X; A) = HH * (A) is computed by the bar complex of A, in particular
A finitely generated projective module M is isomorphic to A ⊕n e for an idempotent e ∈ M at n (A) for some n. Then
. Then HH * (X; A) is computed by the complex
For a locally projective module coherent sheaf M of A-modules we can find integers n, m and idempotents 
It is immediate to check that ch c (M) is independent of the auxiliary choice of Z.
In particular, we have Chern character mapch :
where Adm ⊂ Sm is the subcategory of admissible modules.
Let K c ⊂ K, K nc ⊂ K be the subspace of measures supported on compact (respectively, noncompact) elements. (2) is presented in the next section; we plan to present the proof in the general case in a later publication. The rest of the section is devoted to the proof of the Theorem. From now on set G = SL(2).
SL(2) calculations

Explicit complexes for Hochschild homology.
Applying the general construction of section 3.3 with σ = {x} where x is the vertex with stabilizer G(O) we arrive at a sheaf of algebras A on Z such that a direct summand in Sm is canonically identified with the category of coherent sheaves of A-modules. It is easily seen to coincide with the sheaf H K introduced in Example 3.2. We keep notations of that Example.
We also letĤ + K denote its sections on the formal neighborhood ∂Z of ∂Z = Z \ Z andĤ K the sections on the punctured formal neighborhood of ∂Z. We setĤ
We also let X = (G/U × G/U − )/T be the set of rank one matrices in M at 2 (F ) and X + = X ∩ M at 2 (O). Then we haveĤ
) is the space of functions on G/U with bounded support.
Also notice thatĤ (though notĤ + ) carries a G × G action. 
c) HH
c * (Sm) is canonically isomorphic to derived G coinvariants in the two-term complex (14) H →Ĥ (placed in degrees 0,1).
Proof. For a complex F of coherent sheaves on Z the complexes
compute, respectively, RΓ(F ) and RΓ c (Z, F ), whereΓ + (F ) andΓ(F ) denote, respectively, sections of F on the formal neighborhood and on the punctured formal neighborhood of ∂Z. Applying this to a complex representing RHom HK ⊗H 
We start the proof with the following Lemma 5.4. G acts trivially on the cokernel of the map H → S(Y ∆ ).
Proof follows from Lemma 2.25.
Corollary 5.5. We have: 
To finish the proof we need another Lemma 5.6. a) Let us identify To prove (b) observe that the map in question can be described as follows.
We have a short exact sequence of G-modules
where I = Im(H → S(Y ∆ )) which yields the Bockstein homomorphism φ :
In view of (a) it suffices to check that φ : 
The Lemma clearly implies statement (b) of Proposition.
5.3.
Cocycles for Chern character and Euler characteristic. Let now M be a locally projective object of Sm.
Thus there exist idempotents e ∈ M at n (H), e + ∈ M at m (Ĥ + ) and a, b ∈ M at n,m (Ĥ), such that ab = e, ba = e + with isomorphisms M | Z ∼ = H n e, M ∂Z ∼ =Ĥ m + e + , so that a, b induces the two inverse isomorphisms between the restrictions of H n e andĤ + e + to the punctured formal neighborhood of ∂Z coming from the identification with the restriction of M . 
Proof. This is a special case of Example 4.1(c).
To state the next result we need the following notation. Fix g ∈ G(O) normalizing K thus g acts by conjugation on the sheaf of algebras A and on global sections of an object in A − mod.
We introduce a zero-cochain τ g for the dual complex Bar(Sm)
, where α, β ∈Ĥ act on S(X) by left multiplication, Π is the operator of multiplication by the characteristic function of X + acting on S(X) and g is acting on the right. Proposition 5.8. a) The cochain τ g is a cocycle. It satisfies:
for M ∈ Sm, where H ′ is the intertwining bimodule introduced at the end of section
c) The image of τ g in HH c 0 (Sm) is independent of the auxiliary choices in the definition of τ g .
Proof. Part (c) clearly follows from (b).
We deduce (b) from Lemma 3.14. Let us present the map K [21] . Let V be a Tate vector space, then the Lie algebra End(V ) of continuous endomorphism of V has a canonical central extension, which we will denote by End(V ).
Let 
where c ∈ End(V ) is the generator of the kernel of the projection End(V ) → End(V ). Suppose now that a decomposition of V
into a sum of a bounded open and a discrete subspaces is given, and let Π denote the projection to the bounded open V + along the discrete V − . Then for any E ∈ End(V ) in the right-hand side of
the first summand lies in End b (V ), and the second one in End d (V ). Thus we get a splitting s = s Π : End(V ) → End(V ), (20) s
It is also easy to see that for E preserving V − (respectively, V − ) the element s Π (E) is independent of the choice of the complement V − (respectively, V + ). Thus we get a canonical splitting s V + (respectively, s V − ) of the central extension on the subalgebras End V+ (V ), End V − (V ) consisting of endomorphisms preserving V + (respectively, V − ).
Denote by C(E 1 , E 2 ) the corresponding 2-cocycle of End(V ), i.e. a bi-linear functional, such that
Then we have
Finally, suppose that another discrete cobounded space W ⊂ V is fixed. The splitting s W of the central extension on End W (V ) yields a linear functional
Example 5.9. We have (22) σ
Also, suppose that F is an automorphism of V such that either
Both equalities follow directly from the definitions.
Consider now the complex
and define a zero-cochain for the dual complex ǫ = (0, σ W , C).
It is easy to check that the zero-cochain ǫ is in fact a cocycle whose cohomology class does not depend on the choice of V − for a fixed V + .
5.4.2.
Weighted orbital integral and Tate cocycle. We now apply this in the following example. Consider the Tate space
where X was defined in the second paragraph of §5.1, the first isomorphism was discussed above and the second one is induced by the inverse intertwining operator. Let W be the image of H in the space (25) and S(X) + be the space of functions supported on X + while S(X) − is the space of functions supported on the complement of X + . The group K 0 acts on all these spaces. Fix a representation ρ of K 0 and set
). The complex (12) maps naturally to the complex (24) 
Lemma 5.10. We have a *
Proof. Equality of components in (Ĥ ⊗2 ) * follows by inspection. It remains to check equality of components in H * . Recall (see e.g. [3, §I.11]) that W O g (f ) = φ(0), where φ is a linear function on dominant weights such that for large λ we have φ(λ) = T r(f • Π λ • g, H).
Here f acts on H by convolution on the left, g acts by right translation and Π λ is the characteristic function of G ≤λ which is the union of two sided K 0 = G(O) cosets corresponding to µ ≤ λ. It follows that for a locally constant function ψ on K 0 supported on regular semisimple elements there exists an affine linear function φ ψ (λ), such that Comparing this with the definition of Tate cocycle ǫ and of the intertwining bimodule H ′ (see Example 3.13) and using Lemma 3.14, we see that for ψ as above:
where f ⊗ ψ acts on the Tate space (25) via its natural H-bimodule structure. Both sides of the last equality are continuous in ψ with respect to the L 1 norm: this is clear for the right hand side and it follows from Theorem 2.14 for the left hand side. Thus validity of the equality for ψ supported on regular semisimple elements implies its validity for all ψ.
5.4.3. Sheaves of algebras on curves. We now apply the above construction in the following setting. Let C be a smooth 4 complete curve with a finite collection of points x = {x 1 , . . . , x n }. LetĈ x ,Ĉ 0 x be the formal neighborhood and the punctured formal neighborhood of x respectively. Let V be a torsion free coherent sheaf on C, and set V = Γ(Ĉ Proof. Both sides of (27) do not change if we replace A by End OC (V) op and M by End OC (V) op ⊗ A M. Thus we can assume without loss of generality that A = End OC (V)
op . In that case we have a canonical equivalence of categories Coh(C) ∼ = A − mod, F → F ⊗ OC V * . Furthermore, the operator [F ] → [F ⊗ V] induces an automorphism of the rational Grothendieck group K 0 (Coh(C)) ⊗ Q, thus it suffices to prove (27) for A = End OC (V) op , M = F ⊗ V * , where F = V ⊗ F ′ , thus F = F ′ ⊗ OC A. Now, both sides of (27) do not change if we replace A by O C and M by F ′ ; the locally projective module V is replaced by the corresponding coherent sheaf V| OC . Thus we have reduced to the case A = O C .
It is easy to see that both sides of (27) are additive on short exact sequences as a function of both V and F . A locally free sheaf on a curve admits a filtration whose associated graded is a sum of line bundles; also, since C is smooth the Grothendieck group K 0 (Coh(C)) is generated by line bundles. Thus we can assume without loss of generality that both M and V are line bundles.
If M is a trivial line bundle then ch(M) is represented by the cocycle (1, 1, 1⊗1), so (27) follows from (22) . Notice also that both sides of (27) for a fixed V depend only on the degree of the line bundle M (here we assume without loss of generality that the curve C is irreducible): this is clear for the right hand side, while for the left hand side it follows from the fact that a regular function on an abelian variety is constant. Thus it suffices to consider the case when M = O(nx), x ∈ x. In this case ch(M) is represented by the cocycle (1, 1, f ⊗ f −1 ) where f is a function on the formal punctured neighborhood of x having order n at x and order 0 at other points. In this case (27) follows from (22) and (23).
Corollary 5.12. a) Suppose that V ∼ = eA is a direct summand in a free rank one module for an idempotent e ∈ Γ(C, A). Then for a coherent sheaf M of A-modules we have:
ch(M), α * (ǫ) = χ(eM),
where χ denotes the Euler characteristic. b) Suppose that M has finite support contained in C \ x. Then the equality in (a) holds under a weaker assumption that V| C\x ∼ = Ae| C\x .
Proof of Proposition 5.8(a).
It suffices to check that we get an equality upon averaging against a character of any representation ψ of K 0 = G(O).
In view of Corollary 5.12(b) it suffices to check that the cochain K0 τ g T r(g, ψ)dg is obtained as in Corollary 5.12 for an appropriate choice of trivialization for V on the formal neighborhood of x, where C ⊂ Z is the union of one dimensional components containing representations with nonzero K-invariant vectors, x = (Z\Z)∩C, A = H, z i are the natural local coordinates and V = Hom K0 (ψ, H ′ ). Applying Lemma 5.10
we reduce to showing that a * ψ (ǫ) has the required form. It follows from Lemma 3.14 that the space V + of sections of H ′ on the formal neighborhood of Z \ Z is identified with S(X + )
K×K
(notation introduced in the second paragraph of §(5.1)); moreover, we can choose a trivialization of the sheaf H on the formal neighborhood of Z\Z so that constant sections correspond to functions supported on the set X(O) = X + \ (tX + ). Then the space V − is identified with S(X \ X + )
K×K . The desired equality now follows by inspecting the definitions. 
